This paper investigates the stiffness characteristics of spherical parallel manipulators. By virtue of singular value decomposition, the 6 × 6 dimensionally inhomogeneous Cartesian stiffness matrix is transformed into two homogeneous ones, i.e., the rotational and translational stiffness matrices. The decomposed singular values and the corresponding vectors indicate the directions of high/weak stiffness and the stiffness isotropy for the manipulator at a given configuration. Two indices, one for rotation and the other for translation, are introduced to optimize the manipulator stiffness and to map the stiffness isocontours over the workspace to show an image of the overall stiffness.
Introduction
Three Degrees of Freedom (3-DOF) spherical parallel manipulators (SPMs) have been extensively studied, with focus on different aspects, such as kinematic analysis Gosselin and Lavoie (1993) ; Bonev et al. (2006) , singularity analysis Bonev and Gosselin (2005) , dexterity Bai et al. (2009) , workspace analysis Bulca et al. (1999) ; Bai (2010) and synthesis Kong and Gosselin (2004) . On the other hand, the elastostatic/kinetostatic analysis, particularly, the stiffness, received relatively less attention. Liu et al. (2000) proposed a model by only considering the actuation compliance, in which a global stiffness index similar to global conditioning index (GCI) is proposed for isotropy design of SPM. Combining the structural compliance, Enferadi and Tootoonchi (2011) conducted the stiffness analysis of a 3-RRP SPM on the basis of strain energy and Castigliano's theorem by ignoring the influence of the passive joints and strain energy due to shear forces. Since the SPMs are widely used as orientating devices, these stiffness models are limited to investigate the orientation deformation of the mobile platform. Whereas, when this kind of SPMs are used to develop spherical joints Asada and Granito (1985) , the translational deformation of the SPM, namely, the separation between the centers of the mobile and base platforms, could be an important consideration. This paper will investigate the stiffness characteristics for this class of SPMs.
On the assessment of manipulator stiffness, a common problem lies in the dimensionally inhomogeneous matrix, which does not admit a norm to evaluate its stiffness. Gosselin (1990) used the diagonal elements of the stiffness matrix to map the stiffness over the workspace, to represent the pure stiffness in each direction clearly and directly. El-Khasawneh and Ferreira (1999) addressed on the direct eigenvalue problem of the stiffness matrix for a mechanism at a given posture to find the minimum and maximum stiffnesses and their directions. However, the identification of eigenvalues and eigenvectors does not make sense for an inhomogeneous matrix due to the different physical meanings of dimensionally inconsistent entries. Ciblak and Lipkin (1999) proposed a method of synthesizing a linearly elastic suspension composed of simple translational springs with prescribed stiffness matrix. Ding and Selig (2004) used a finite element model to compute the Cartesian stiffness matrix of a more general suspension (a coiled spring). Dai and Ding (2006) discussed the eigenscrew decomposition of the compliance matrix to find the eigencompliance and eigenscrew for a three-legged platform device. Similarly, Angeles (2010) proposed the eigenforce from the decomposed stiffness matrix to characterize a robot's stiffness. Kövecses and Ebrahimi (2009) proposed a decomposition of the inertia matrix for dynamic analysis by changing variables to make the matrix non-dimensional, which can be applied to the stiffness matrix Taghvaeipour et al. (2012) . Henceforth, this approach will be adopted to characterize and to optimize the stiffness of SPMs.
In this paper, the characteristics of the stiffness matrix were analyzed by addressing the matrix inhomogeneity. With the virtual-spring approach Pashkevich et al. (2009) , the Cartesian stiffness matrix for the SPMs was developed, which was transformed into homogeneous translational and rotational stiffness matrices by means of singular value decomposition (SVD). Two indices for translational and rotational stiffness were introduced to optimize the manipulator stiffness and reveal the properties. The proposed approach was illustrated with a co-axial SPM Bai (2010); Wu (2012) , as displayed in Fig. 1 , whose stiffness characteristics at a given configuration were graphically represented by stiffness ellipsoids. The stiffness indices and isotropy were mapped over its workspace to show an image of the overall stiffness.
Manipulator Under Study
A general spherical parallel manipulator is shown in Fig. 2 for comparison. The SPM consists only of revo- lute joints, whose axes are parallel to the unit vectors u i , v i , and w i , i = 1, 2, 3, intersecting at a common point, namely, the center of rotation. All three legs have identical structures defined by angles α 1 , α 2 , β and γ. The origin O of the reference coordinate system xyz is located at the center of rotation. The z axis is normal to the bottom surface of the base pyramid and points upwards, while the y axis is located in the plane made by z axis and u 1 . The manipulator shown in Fig. 1 is a special case of γ = 0, which consists only of three curved links connected to a rigid mobile platform (MP) as an end-effector (EE).
Under the prescribed coordinate system, unit vector u i is derived as
Unit vector v i of the axis of the intermediate revolute joint in the ith leg is expressed as:
Unit vector w i of the top revolute joint in the ith leg, is a function of the orientation of the mobile platform described as
where w * i is the unit vector for the axis of the top revolute joint of the ith leg when the mobile platform is at its home configuration, which is given as Matrix Q is the rotation matrix of the mobile platform represented by azimuth-tilt-torsion (φ-θ-σ) angles Bonev (2008) as shown in Fig. 3 , which is kinematically equivalent to the Euler convention Z-Y -Z, namely,
where
Stiffness Modeling of SPM
In this work, the virtual spring approach Pashkevich et al. (2009) is adopted to derive the Cartesian stiffness matrix of SPM, of which the details of modeling procedure were presented in Wu et al. (2014) . Figure 4 (a) represents the flexibility of the single kinematic leg with the virtual springs, of which the two passive joint bearings are supposed to be rigid. Moreover, the joint displacements and the coordinate frames in the joint space of the ith leg are illustrated in Fig. 4 
(b).
Let the center of rotation be the reference point of the end-effector. Henceforth, the Jacobians of one leg are expressed as below: 
where J 
The Cartesian stiffness matrix K i of the ith leg is obtained from the following matrix, namely,
where the block
T ∈ R 6 describes the spring compliance relative to the reference point on the mobile platform. Matrix K i θ ∈ R 13 is the stiffness matrix in joint space, which describes the stiffness of the virtual springs and actuation, taking the form:
where K i act describes the actuation stiffness corresponding to the ith actuator, and
6 is the stiffness matrices of the lower (upper) curved links in the ith leg. The compliance matrix
of the curved link was documented in Wu (2012); Wu et al. (2014) :
The Cartesian stiffness matrix K of the system is found by simple addition from Eqn. (9), namely,
4 Parameter Nomalization of the Stiffness Matrix
The previous Cartesian stiffness matrix (12) is inhomogeneous, namely,
In order to analyze the stiffness matrix, it is necessary to make it homogeneous. Henceforth, the method reported by Kövecses and Ebrahimi (2009 ) is adopted to decompose the stiffness matrix K into dimensionally homogeneous entries. Equation (13) can be decomposed as 
Similarly, ∆p can be expressed as
where v ti , i = 1, 2, 3, are the eigenvectors of matrix K (17) and (18) into Eqns. (14a) and (14b), respectively, leads to
where G m and G f are defined as
G m and G f are 3 × 6 dimensionally homogeneous matrices, mapping the normalized displacements to the vector of moments (forces). The SVD of matrix G m (G f ) indicates the rotational (translational) stiffness property of the manipulator at a prescribed posture. Matrix G m (G f ) has three nonzero singular values σ j,r (σ j,t ), j = 1, 2, 3, which characterize the distortion of the unit sphere m = 1 Nm ( f = 1 N) as shown in Fig. 5 . Consequently, the rotational stiffness index can be defined Taghvaeipour et al. (2012) as
Similarly, the translational stiffness index is defined as
The two performance indices κ r and κ t assess the stiffness behavior of the manipulator, a higher index indicating high rigidity.
These singular values can be graphically represented by ellipsoids to indicate the translational and rotational stiffness, respectively, where the principal axes of the ellipsoid indicate the singular values and their directions indicate the corresponding left singular vectors. The isotropy of the stiffness can be measured by the ratio of ρ = σ min /σ max ∈ [0, 1], namely, the inverse of the conditioning number of the matrices G m (G f ).
Stiffness Optimization and Analysis of the Co-axial SPM
The foregoing approaches are applied to the SPM in Fig. 1 , for which only the upper curved links are needed to be considered. The actuation stiffness is obtained as K i act = 5.44 · 10 5 Nm/rad from the static load experiment implemented on an actuator with gearbox as shown in Fig. 6 , where the output shaft was mechanically locked. The curved link of midcurve radius R with circular cross-section of radius r, is made of steel of Young's modulus E = 210 GPa, Poisson's ratio ν = 0.3 and the shear modulus G = E/(2 + 2ν). Moreover, the SPM is assembled under the working mode Bonev et al. (2006) of (u i × v i ) · w i ≤ 0, i = 1, 2, 3.
SPM Stiffness Optimization
The manipulator stiffness heavily depends on its geometric and structural parameters, thus, the optimiza- tion method could be used to find the optimal parameters. Here, the radius of the cross-section of the curved link is r = 7.5 mm, and the design variables in this optimization problem are:
Henceforth, the workspace of the SPM described in Fig. 3 is specified as φ ∈ S, σ ∈ S, θ ∈ [0, θ min ], where S = (−π, π], θ min ≥ 45 o , subsequently, the design space can be found as:
By the analysis above, the index κ r κ t is defined to evaluate the SPM stiffness, consequently, the objective function is written as:
Here, the index is calculated through a discrete approach, which is carried out over n = n 1 × n 2 × n 3 workspace points, where n 1 , n 2 and n 3 are the numbers of discrete points on φ, θ and σ, respectively. Mathematically, the optimization problem for the SPM is formulated as:
over x = α 1 α 2 β R T subject to g 1 : 120 mm ≤ R ≤ 300 mm g 2 : R sin α 1 ≥ 120 mm This optimization procedure was implemented with the MATLAB genetic algorithm (GA) toolbox. Here, the initial variables, with population size 200, were randomly generated. Figure 7 shows the optimization results. After 65 generations, the objective function converged, for which the best solution is found as:
Optimization problem (26) aims to maximize both the rotational and the translational stiffness. In practice, index κ r or κ t can be specified as the objective corresponding to the manipulator applications.
SPM Stiffness Analysis
With the optimal design variables (27), at configurations with tilt angle θ = 0, the blocks in the stiffness matrix of (12) 
where, the blocks K rr , K rt and K tt are given in Nm/rad, N/rad and N/m, respectively. According to the decomposition presented in Sec. 4, the three singular values and vectors corresponding to the rotational stiffness are found as:
[σ] r = 1.6328 1.0457 1.0457 · 10 6 Nm
Similarly, the singular values and vectors for translational stiffness are:
[σ] t = 1.1640 1.1640 0.7144
It is noted the decomposed vectors, i.e., the directions of rotational/translational stiffness, are parallel to the original frame axes. On the basis of foregoing analysis, the corresponding rotational and translational stiffness ellipsoids are visualized in Fig. 8 . It is found that the rotational stiffness formulates a prolate spheroid while the translational stiffness in the shape of an oblate spheroid. This means that at configurations with tilt angle θ = 0, the SPM has the largest rotational stiffness about z-axis but the smallest translational stiffness along z-axis; in the xy quadrant, it has the same rotational/translational stiffness in all the directions. In other words, the elastic deformations of the manipulator under a prescribed moment will formulate oblate spheroids, namely, the directions of semi-minor/-major axes of the stiffness ellipsoids are parallel to the directions of the semimajor/-minor axes of the deformation ellipsoids. Figure 9 displays the deformation ellipsoids when a moment m = 10 Nm acting on the mobile platform, which shows that the elastic displacements reach to their minimum magnitudes when the direction of the moment is about z-axis.
The previously defined indices κ r and κ t mapping over the regular workspace with σ = 0 are shown in Fig. 10 , from which it is seen that the SPM stiffness distribution is rotationally symmetrical with the inter- The stiffness ellipsoids at two representative configurations, where the SPM has the minimum rotational/translational stiffness, are displayed in Fig. 11 
In comparison with the stiffness ellipsoids at orientation θ = 0, the ratio of the semi-minor/-major axes, i.e., the stiffness isotropy, is much smaller, however, the volumes of the ellipsoids are quite close. At orientation [20 o , 45 o , 0], the manipulator stiffness formulates the similar shaped ellipsoids.
Due to the symmetrical structure, the stiffness distributions and isotropy with different values of σ can be obtained with the rotation of the isocontours in Fig. 10 . As a consequence, it can be predicted that the global stiffness of the SPM becomes weak towards the workspace boundary from the center region.
Conclusions
In this paper, the stiffness characteristics of the spherical parallel manipulators is discussed. The Cartesian stiffness matrix is formulated by considering both the rotational and the translational deflection. By means of singular value decomposition, the dimensionally inhomogeneous stiffness matrix is transformed into two homogeneous ones, corresponding to the force and moment equations. The stiffness properties of a manipulator at a given configuration can be characterized through singular value decomposition of these two homogeneous matrices, which indicates the directions of the high/weak stiffness.
Two performance indices for rotational/translational stiffness were introduced to evaluate the manipulator stiffness throughout the Cartesian workspace. The results can be used for either assessment of the stiffness at different configurations or design optimization. The proposed approach is illustrated by a case study of a co-axial SPM with unlimited-rolling motion, whose isocontours of the rotational and translational stiffness indices within a regular workspace were mapped together with the isotropy. The maps show that the SPM is stiffer in the center region of its workspace and show an image of the SPM overall stiffness. 
